Abstract-This paper studies the finite-time consensus tracking control for multirobot systems. We prove that finite-time consensus tracking of multiagent systems can be achieved on the terminal sliding-mode surface. Also, we show that the proposed error function can be modified to achieve relative state deviation between agents. These results are then applied to the finitetime consensus tracking control of multirobot systems with input disturbances. Simulation results are presented to validate the analysis.
I. INTRODUCTION

I
N RECENT years, there has been an increasing research interest in the consensus control design of multiagent systems. Consensus algorithms have applications in rendezvous control of multinonholonomic agents [1] - [3] , formation control [4] - [6] , and flocking attitude alignment [7] . In leader-follower multiagent system, the leader is usually independent of their followers, but have influence on the followers' behaviors. Hence, by controlling only the leader, the control objective of the networks can be realized easily. Such a strategy not only simplifies the design and implementation, but also saves the control energy and cost [8] , [9] .
The objective of this paper is to address the following issues 1) Under what conditions, a nonsmooth control algorithm can be developed to guarantee the leader-follower multiagent system to reach consensus in a finite time. 2) How to design this finite-time control algorithm systematically. Our interest in these two issues is motivated by the preliminary research work in [10] on finite-time consensus design for firstorder systems, and the work in [11] on finite-time consensus for second-order systems with undirected communication topology.
In practice, the network topology might be directed and the time-varying control input of the active leader might not be available to all the followers (e.g., multiple missiles tracking a S. Khoo is with the School of Engineering, Deakin University, Geelong, VIC. 3217, Australia (e-mail: khooyang@yahoo.com).
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Digital Object Identifier 10.1109/TMECH. 2009.2014057 fighter aircraft). Therefore, it is important to investigate how to design consensus control algorithm applicable to the case, where only a portion of the followers have directed communication with the leader under the condition that the control input of the leader is unknown to any follower. Based on the previous works on terminal sliding-mode (TSM) control [12] - [15] , we present in this paper a practical robust finite-time consensus tracking (RFTCT) algorithm for multiagent systems. In particular, we show that for leader-follower multiagent systems dominated by second-order systems, it is possible to achieve global finite-time consensus on the TSM surface by switching control law. This conclusion is proved based on the Lyapunov theory for finite-time stability and TSM control design methodology. Our proposed RFTCT algorithm is robust to system uncertainties and input disturbances. Therefore, the proposed scheme does not require the information of the time-varying control input of the active leader. Since not all followers have directed communication with the leader, our results assume that the agents in the network only need to communicate with their neighbors and not the entire community. In contrast to consensus tracking of the leader's state, we show that the proposed error function could be modified to achieve finite-time relative state deviation between agents. The desired deviation between agents could be specified in real time and hence different formations can be formed. The proposed control scheme is then applied to the finite-time consensus tracking control of multirobot systems with m degrees of freedom with input disturbances.
The remainder of this paper is organized as follows. Section II reviews some basic concepts in graph theory, the Lyapunov theory for finite-time stability, and the basic principle of TSM control. An error function for consensus control is proposed in Section III, where the design of RFTCT algorithm to guarantee finite-time consensus tracking of multiagent systems is discussed in detail. The proposed scheme is then applied to the consensus tracking control for multirobot systems with m-DOF in Section IV. Section V gives numerical examples to illustrate our results. Concluding remarks are given in Section VI.
II. BACKGROUND AND PRELIMINARIES
In this section, we introduce some basic concepts in algebraic graph theory for multiagent networks and review some terminologies related to the notion of finite-time stability and the corresponding Lyapunov stability theory first. Then, we briefly study the basic principle of TSM control, focusing just on the second-order nonlinear system that we shall need.
A. Concepts in Graph Theory and Multiagent Systems
Consider a multiagent system consisting of one leader and n followers. To solve the coordination problems and model the information exchange between agents, graph theory is introduced here. Let G = {V, E} be a directed graph, where V = {0, 1, 2, . . . , n} is the set of nodes, node i represents the ith agent, E is the set of edges, and an edge in G is denoted by an ordered pair (i, j).(i, j) ∈ E if and only if the ith agent can send information to the jth agent directly, but not necessarily vice versa. In contrast to a directed graph, the pairs of nodes in an undirected graph are unordered, where the edge (i, j) denotes that agent i and j can obtain information from each other. Therefore, an undirected graph can be viewed as a special case of a directed graph. A directed tree is a directed graph, where every node has exactly one parent except for the root, and the root has a directed path to every other node. A directed spanning tree of G is a directed tree that contains all nodes of G [16] .
A = (a ij ) ∈ n +1×n +1 is called the weighted adjacency matrix of G with nonnegative elements, where a ii = 0 and a ij ≥ 0 with a ij > 0 if there is an edge between the ith agent and the jth agent. Let
Then, the Laplacian of the weighted graph can be defined as
The connection weight between the ith agent and the leader is denoted by b i with b i > 0 if there is an edge between the ith agent and the leader. The following theorems present the existing results on Laplacian matrix and graph theory. Theorem 1 [18] : The directed graph G = {V, E} has a directed spanning tree if and only if {V, E} has at least one node with a directed path to all other nodes.
Theorem 2 [17] : The Laplacian matrix L of a directed graph G = {V, E} has at least one zero eigenvalue and all of the nonzero eigenvalues are in the open right-half plane. In addition, L has exactly one zero eigenvalue if and only if G has a directed spanning tree. Furthermore, Rank(L)= n if and only if L has a simple zero eigenvalue.
In this paper, we assume that the leader is active, in the sense that its state keeps changing throughout the entire process [19] , [24] . In general the behavior of the leader is independent of the followers. The dynamics of the leader is described as follows:
where x 0 is the position and v 0 is the velocity of the leader. The dynamics of the ith follower agent is described bẏ
where δ i represents the disturbance and u i (i = 1, . . . , n), the control inputs. For further analysis, we assume that
B. Lyapunov Theory for Finite-time Stability
Here, we recall some Lyapunov theorem for finite-time stability of nonlinear systems, which was discussed previously in [20] and [21] . The classical Lyapunov stability theory is only applicable to a differential equation whose solution from any initial condition is unique [22] . A well-known sufficient condition for the existence of a unique solution of a nonlinear differential equationẋ = f (x) is that the function f (x) is locally Lipschitz continuous. The solution of such nonlinear differential equation can have at most asymptotic convergence rate.
Since finite-time stability guarantees that every system state reaches the system origin in a finite time, finite-time stability has a much stronger requirement than asymptotic stability. The following theorem presents sufficient conditions for finite-time stability.
Theorem 3 [23] : Consider the non-Lipschitz continuous non-
defined on a neighborhood of the origin, and real numbers c > 0 and 0
Then, the origin is locally finite-time stable, and the settling time, depending on the initial state x(0) = x 0 , satisfies
for all x 0 in some open neighborhood of the origin.
C. Basic Principle of TSM Control
Consider the second-order nonlinear systeṁ
where z 1 and z 2 are system states, f (·) a nonlinear function of z 1 and z 2 , and u is the control input. In order to guarantee finitetime convergence of the state variables, the following first-order terminal sliding variable is defined:
where α = p/q, and p and q are positive odd integers, which satisfy the following condition:
Using a sliding-mode controller of the form
the terminal sliding variable s can be driven to the TSM surface, s = 0 in finite time. On the TSM surface, the system dynamics are determined by the following nonlinear differential equation:
If the initial value of z 1 at t = 0 is z 1 (0)( = 0), then the time taken for the solution of the system (10) to reach z 1 (T ) = 0 is given by
This means that, on the TSM surface s = 0, the system state z 1 converges to zero in finite time and also z 2 converges to zero in finite time identically.
III. RFTCT ALGORITHM FOR MULTIAGENT SYSTEMS
The system considered here consists of n + 1 agents, where an agent indexed by 0 acts as the leader and the other agents indexed by 1, . . . , n, are referred to as the followers. The topology relationships among the leader and followers is described by a directed graph G = {V, E} with V = {0, 1, . . . , n} and the adjacent matrix
DenoteḠ = {V,Ē} as the subgraph of G, which is formed by the n followers, wherē
. . , n. Then, it is clear that the Laplacian of the graphḠ can be defined as
In this paper, for simplicity, we assume that
Meanwhile, the connection weight between agent i and the leader is denoted byB wherē
such that
For further analysis, we have the following assumptions. Assumption 1: The time-varying control input u 0 is unknown to any follower but its upper boundū 0 is available to its neighbors.
Assumption 2: The position of the leader x 0 and its velocity v 0 are available to its neighbors only.
Remark 1: In this paper, the time-varying control input of the leader is not required. Assumption 1 is practical in the sense that not all the real-time control inputs of the leader is known by the followers, and the upper bound of the control input can be found easily based on the physical limitation of the plant. T , and by defining the error functions as
the error dynamics of the interconnection graph can be expressed asĖ
where Theorem 4: Consider the leader-follower system (2) and (3). If the directed graph G has a directed spanning tree and E 1 = 0 and E 2 = 0, then
Furthermore, if (18) is defined as
and
Proof: With e
Letting
it is clear that
Note that if L has a directed spanning tree, by Theorem 2, it follows that Rank(L) = n. This in turn implies that Rank(M n ×(n +1) ) = n because all of the entries in the first row of L are zero. Noting that M n ×(n +1) has n + 1 columns and each of its row sums is zero, it follows that the first column of M n ×(n +1) depends on its last n columns, where
As a result, it follows that Rank(L +B) = Rank(M n ×(n +1) ) = n. This shows the invertibility ofL +B and hence, from (26), we have
Similarly, we can prove (22) and (24). Remark 2: It is seen in (24) that we could specify the desired separation between follower agents and leader, this error function is useful for relative state deviations with a time-varying consensus reference state and formation control.
Before proceeding further, the notation of the fractional power of vector is introduced. For a variable vector M ∈ n , the fractional power of the vector is defined as
To obtain the sufficient condition of the existence of the finitetime controller for the leader-follower system, we have the following theorem. Theorem 5: If the directed graph G has a directed spanning tree, then there exist a terminal sliding variable vector and a nonsingular TSM control law for the leader-follower system (2) and (3) such that on the TSM surface, consensus can be reached in a finite time.
Proof: By designing the terminal sliding variable as
the terminal sliding variable vector can be written as
One can simply choose the control input as
with
and this results in
Noting that
Equation (40) is rewritten as 
Using Assumption 1, (4), and the fact that e 2 k α ≥ 0, we geṫ
Letting η(E 2 ) = min{ακ 1 e
Therefore, for case E 2 = 0, the condition for finite-time Lyapunov stability is satisfied and the terminal sliding variable vector S can reach the TSM surface S = 0 in a finite time [12] , [13] . Now it remains to show that E 2 = 0 is not an attractor for S = 0. Substituting the control input (41) into the error dynamics of the interconnected graph (20), we havė
Then for E 2 = 0, it is clear thaṫ
showing that E 2 = 0 is not an attractor. Then, it can be easily concluded from (43) that the TSM surface S = 0 can be reached in a finite time. Interested reader may refer to [13] for further explanations.
We claim that on this new TSM surface, consensus tracking of multiagent system can be reached in finite time. To prove this claim, consider the Lyapunov function V E 1 = 1 2 E T 1 E 1 . On the TSM surface,
and it follows thatV
By Theorem 3, the error functions E 1 and E 2 will converge to zero in finite time. It follows from Theorem 4 that consensus is reached in finite time. Remark 3: It has been seen in (35) that, this TSM surface is the conventional TSM proposed in [13] . In order to incorporate the information of the interconnection graph into the TSM surface, the sliding variable can be designed as
α ,
It is noted that the convergence property of the error dynamics on this TSM surface is substantially different from the one in (35). For example, instead of converging toward the leader directly, the followers will first converge to one of the leader's neighbors, and then, together with this neighbor, all the followers converge to the leader. Remark 4: It is noted from (18) and (19) that, because the information of the interconnection graph is used to define the error functions, convergence of these error functions imply consensus of the leader-follower systems. Hence, based on the second-order error dynamics equation (20), many control methods can be used to ensure consensus of the leader-follower or time-varying reference state systems.
Remark 5: It is easy to extend the error functions in (18) and (19) for high-order systems in pure-feedback form. Hence, by using these error functions, the consensus control problem for high-order system is transformed to the conventional control problem for high-order multiinput systems.
Remark 6: For asymptotic consensus tracking of multiagent systems, under the condition that the velocity of the leader is available to its neighbors, the sliding mode surface can be defined as
IV. RFTCT ALGORITHM FOR MULTIROBOT SYSTEMS
In this section, we consider a group of n + 1 fully actuated mobile robots whose dynamics of the robot with m-DOF can be described as [25] , [26] 
where q ∈ m is a generalized coordinate, M (q) ∈ m ×m is a symmetric positive definite inertia matrix, C(q,q) ∈ m ×m is a matrix of Coriolis and centripetal terms, D(q,q) ∈ m ×m represents the damping force, g(q) ∈ m denotes a gravitational force vector, ρ ∈ m represents the input disturbances and system uncertainties, and u r ∈ m denotes the control inputs. Without loss of generality, in the following analysis, let m = 1 for notational simplicity.
Suppose that the dynamics of the leader robot is described as follows:
(51) and the dynamics of the ith follower is described as
(52) To proceed further, we need the following assumptions:
Assumption 3: The time-varying control input, u r 0 of the leader robot is unknown to any follower robot but its upper bound,ū r 0 is available to its neighbors. Assumption 4: The following bounds for the follower robots in expression (52) are assumed to be known:
where
It is obvious that, by defining
the error dynamics of the multirobot system can be expressed asĖ
The objective of this section is to design a robust consensus controller for the multirobot system based on Assumptions 3 and 4 so that, for any follower robot with bounded uncertainties, the error dynamics, (55) can be brought to the TSM surface in finite time, and on the TSM surface, the error dynamics can then converge to zero in finite time, which implies finite-time consensus tracking of multirobot system. Theorem 6: Consider the multirobot systems in expressions (51) and (52). If the directed graph of this multirobot system G has a directed spanning tree, and the TSM surface is defined as 
where the TSM control is designed as
Then, consensus can be reached in finite time, which means the follower robot can track the leader robot in finite time.
Proof: Consider the following Lyapunov function:
Differentiating V r with respect to time, and substituting (58) into it yieldṡ
Noting
can be rewritten as
From (60), it follows thaṫ
that isV
Therefore, based on the explanation in Section III, the TSM surface S r = E r 1 + E α r 2 = 0 can be reached in finite time. On the TSM surface, E r 1 = E r 2 = 0 is reached in finite time. This completes the proof. 
V. NUMERICAL EXAMPLES
This section presents some simulation results to illustrate the performance of the proposed RFTCT algorithms.
A. Consensus Tracking Control of Multiagent Systems
Here, we consider one leader indexed by 0 and four followers indexed by 1, 2, 3, and 4, respectively. Suppose that the leader dynamics areẋ
and the dynamics of ith follower are described as follows:
Let the initial condition of the four followers indexed by 1, 2, 3, and 4 be x 1 (0) = 1, x 2 (0) = 1.2, x 3 (0) = 2, and x 4 (0) = −1.2, respectively. Suppose the directed graph in Fig. 1 is used to model the information exchange among agents, where the information of leader is available only to followers 3 and 4. Note that follower 4 has no directed path to all other followers, but there exists a directed path from the leader to all followers. The adjacent matrix of the graph can be written as 
The Laplacian of the follower system can be written as 
B. Consensus Tracking Control Of Multirobot Systems
In this subsection, we validate the proposed TSM control on a multirobot system. We consider the AmigoBots given in [18] . Based on Fig. 2 , the kinematic equations for the ith robot areṙ xi = v i cos (θ i ),ṙ y i = v i sin (θ i ),θ i = ω i .
The hand position is given by 
which takes in the form of (50), implying that the consensus algorithms in Theorem 6 can be directly applied. Suppose the directed graph in Fig. 1 Fig. 5 shows the
